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P- which interact with each other and transmit traction. 
For a given plane P, (i) we can take the set P+ as that 

fixed set of atoms whose long-time average positions lie 
on the positive side of n, and similarly for P-, or (ii) we 
can take the set P+ as the variable set of atoms which at  
a given instant lie on the positive side of n. We refer to 
(i) as the material description and to (ii) as the spatial 
description. We employed the material descriptions in ref 
11 and 12 and have employed both here. I t  is important 
to note that the momentum transfer across the fixed plane 
must be included when the spatial description is employed. 

In the present paper we have focused on the nature of 
the generalized virial stress formula and the insights it 
provides into the character of stress and traction in a 
rubberlike material. In the following paper we will use this 
formula as a means for studying the validity of the ideal 
chain assumption in rubber elasticity. 
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ABSTRACT A key assumption in most theories of rubber elasticity is that the network can be regarded 
as a system of noninteracting ideal chains. Excluded-volume effects enter only as the agency responsible for 
maintaining the material at constant volume. As a test of this approach, molecular dynamics calculations 
are performed for a three-chain model using freely jointed chains and a truncated LennardJones approximation 
to hard-sphere excluded volume. The state of stress in this model when subjected to constant volume uniaxial 
extension is determined from the molecular dynamics calculations by use of the virial stress formula and 
compared with the stress predicted on the basis of the ideal chain assumption. Significant, density-dependent 
differences are found. Molecular dynamics calculations for a polymer melt show that the force-length relation 
for a chain in the melt approaches the ideal relation as the melt density is increased, in accord with the Flory 
theorem, but they also show that this is due to large intermolecular noncovalent contributions to the force. 
Since noncovalent interactions do not contribute to the deviatoric stress in the model studied, the observed 
nonideal behavior is not inconsistent with the Flory theorem. 

Introduction 
The concept of an ideal chain,2 which occupies a central 

position in polymer physics, may be described as follows. 
The covalent bonds between the backbone atoms and side 
groups of a linear macromolecule are primarily responsible 
for its characteristic behavior. There are, in addition, 
noncovalent interactions; these act between atoms which 
are neighboring along the chain (Le., nearby side-group 
interactions) as well as between atoms which are widely 
separated along the chain but happen to be in close 
proximity because of the chain's long-range flexibility. A 
linear chain model which may include the former nonco- 
valent interactions but omits the latter is said to be ideal. 
In particular, an ideal chain model omits the repulsive 
excluded-volume interaction which prevents the chain from 
doubling back on itself and causing two atoms, widely 
separated along the chain, to occupy the same place in 
space. 

Ideal chain models exhibit some universal characteristics 
that are independent of the local chain structure, i.e., of 
bond angle restrictions and local noncovalent interactions. 
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For example the probability density p(R) for an end-bend 
displacement R becomes Gaussian as N ,  the number of 
bonds, becomes sufficiently large and ( R2) - N. In con- 
trast, for an isolated chain model with excluded volume 
interactions, ( R 2 )  - N1.2, and the latter prediction has 
been well confirmed by experiment for linear macromol- 
ecules in dilute solution. 

For a dense uncross-linked system of like molecules, a 
polymer melt, Flory3 has predicted that the excluded- 
volume potential for any given molecule would be screened 
by the others and that p(R) for an individual molecule 
would be ideal. This remarkable result, sometimes termed2 
the Flory theorem, has been confirmed experimentally4 
and by computer simulation5 as far as the scaling behavior 
of (R2) is concerned. 

In the subject of rubber elasticity we are concerned with 
the mechanical behavior of a cross-linked amorphous 
network of long-chain molecules. The long-time behavior 
of the end-to-end displacement vector R of a particular 
chain of the system provides an important distinction 
between a melt, in which (R) = 0, and a network in which 
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breakdown of the ideal chain assumption for the three- 
chain model of section 2. Finally, a summary and further 
conclusions are presented in section 4. 

1. Polymer Melt Simulation 
We treat the freely jointed, hard-sphere model described 

in section 1 of paper 1 and consider a melt consisting of 
Y identical molecules with N bonds each in a cubic cell of 
side Lo and with periodic boundary conditions. The re- 
duced atom number density of the system, p,  is then de- 
fined as 

(1.1) 

where u is the hard-sphere diameter. (All atoms of the 
system interact with this hard-sphere potential.) The 
motion of the system is determined by the molecular dy- 
namics procedure described in the Appendix. The pro- 
gram includes a sorting routine on R,  the fluctuating 
end-to-end distance of all the molecules, and this leads to 
a numerical estimate for the probability density P(R) from 
which we may then obtain p(R) by the relation 4rR2p(R) 
= P(R) .  

We now assume that a particular molecule of the system 
has its end-to-end displacement, xN - xo, fixed at a par- 
ticular value R while the remaining molecules move freely 
as before. Then the potential energy, V(XO, ..., xN;R), of the 
selected molecule can be written as V = Vint + Veff, where 
Vint(~o, . . . ,~N) is the intramolecular potential energy and 
Veff(xg, ..., xN;R) is the effective mean-field potential of in- 
teraction of the atoms of the fixed molecule with the re- 
maining molecules of the melt. Then, as is the case for 
a single isolated molecule, we can showz1 that p(R) = 
CZ(R,T) where Z(R,T) is the configurational partition 
function for the fixed molecule in the strain ensemble (that 
is, for fixed end-to-end displacement R) and C is R inde- 
pendent. I t  then follows in the usual wayz1 that the axial 
force f required to maintain the end-to-end distance R for 
a single molecule surrounded by the melt is 

p = Y ( N  + 1 ) u 3 / ~ 0 3  

( R )  # 0.' The basic molecular theory of rubber elasticity 
was begun over 50 years ago and remains an active subject 
of research.* While many aspects of the theory, such as 
the role of network connectivity: nature of cross-link 
fluctuation dependence on deformation,+" and effect of 
finite chains,12 are under investigation, we are here con- 
cerned with the role of excluded volume. In most treat- 
ments of the subject, the network is regarded as a collection 
of ideal, noninteracting chains (sometimes referred to as 
a phantom networkg). Excluded-volume interactions are 
frequently incorporated only through the statement 
(sometimes tacit) that they are the agency responsible for 
maintaining the system at a constant volume. With this 
latter assumption, as discussed in ref 13, hereafter referred 
to as paper 1, the mean or hydrostatic stress is not de- 
termined from the constitutive relation but from the im- 
posed stress boundary conditions. 

Another approach14 that has been employed to treat 
excluded-volume effects is to postulate that the Helmholtz 
free energy of the system F(Xi,X,,X3,T), for stretch ratios 
Xi, j = 1 , 2 , 3 ,  and temperature T ,  can be written as a sum 

where Fc is the free energy of the collection of ideal chains, 
u is the present volume of the system, and F E  is due to 
excluded-volume interactions. The quantity aFE/au plays 
the role of the mean stress15 and is again determined from 
the imposed boundary conditions. 

Studies directed toward the justification of this type of 
decomposition on the basis of atomic theories have been 
presented by BoggP and Eichinger.l' Other treatments 
of excluded-volume effects have been given by DiMarzio,18 
Jackson, Shen, and McQuarrie,lg and Gaylord.20 These 
works all take as their starting point the chain view of 
stress in the terminology of paper 1. In the present paper 
we examine excluded-volume effects in rubber elasticity 
on the basis of computer simulation of an idealized net- 
work model and gain a different view of the phenomenon 
by using the virial stress formula discussed in paper 1 to 
interpret the results. 

We begin in section 1 with the computer simulation by 
molecular dynamics of a polymer melt of a system of freely 
jointed chains with a truncated Lennard-Jones approxi- 
mation to hard-sphere interactions, i.e., the same model 
treated in paper 1. Whereas earlier computer simulation 
tests of the Flory theorem had been confined to checking 
the predictions regarding ( R 2 )  (and in the case of ref 6, 
of ( R 4 ) ) ,  in these calculations the full probability density 
distribution, p(R), is evaluated. This then permits the 
calculation of the axial force f dependence on R for the 
strain ensemble; these results are in accord with the Flory 
theorem in that the calculated f ( R )  relation approaches 
that of the ideal chain as the melt density is increased. 

We then turn in section 2 to the computer simulation 
by molecular dynamics of a simple network of the same 
model chains. The network corresponds to the familiar 
three-chain model of rubber elasticity so that i t  is 
straightforward to compute the stress corresponding to a 
given uniaxial extension under the assumption that the 
chains are ideal and noninteracting. The exact stress is 
found by application of the virial formula discussed in 
paper 1, and it is found that, in general, the two values of 
the stress do not agree. 

In an attempt to reconcile the results for the melt and 
for the network, we return in section 3 to the former and 
compute by molecular dynamics a decomposition of the 
axial force f for fixed R into iB covalent f, and noncovalent 
f,, contributions. The manner of the relative variation of 
f, and f,, with melt density suggests a basis for the 

a 
f = - k T z  In p(R) 

so that the f (R)  relation for molecules in the strain en- 
semble for melts of different densities may be obtained 
by numerical differentiation of p(R). An example of the 
direct result of numerical differentiation is shown in Figure 
1 which indicates the scatter inherent in this process; also 
shown is a cubic spline fit used to smooth the numerical 
results. All of the model parameters used in this paper 
have the same values as in paper 1 except here Ka2/kT = 
2024. 

Results of this procedure for various densities are shown 
in Figure 2. Although the numerical procedure leads to 
some inaccuracies and irregularities, the trend with density 
is clear. At  very low density, the f ( R )  relation shows the 
same general character as found previouslyz2 for chain 
models with excluded volume in the strain ensemble; most 
importantly, the relation exhibits a compressive regime (f 
< 0) for sufficiently small R.  As the density p increases, 
this compressive regime disappears and the f(R) relation 
approaches that of the ideal chain (a = 0). Although it 
was not possible, because of computer time restrictions, 
to simulate the high values of p sufficient for complete 
convergence, the results appear to be in good accord with 
the Flory theorem. 

2. Three-Chain Model 
We consider next a system which models a cross-linked 

network of the freely jointed, hard-sphere chains. The 
system is based on the familiar three-chain model of rubber 
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Figure 1. Force-length relation for a chain in a melt aa obtained 
by use of eq 1.2 from molecular dynamics simulation with intra- 
and intermolecular excluded-volume interactions. Points are the 
direct results of numerical differentiation; the solid curve is a cubic 
spline fit. The dashed curve is the corresponding relation for an 
ideal chain. 
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direction. (Care was taken in the generation of the initial 
chain configurations to avoid any topological entangle- 
ments. For the parameters employed here for the covalent 
and noncovalent potentials a minimum energy of -40kT 
would be required for one chain to pass through another; 
the initial topology is therefore conserved to very high 
probability.) Periodic boundary conditions are employed 
in all three coordinate directions, and the fixed end points 
are located so that chain density is uniform in space. The 
system is subjected to a uniaxial deformation at constant 
volume so that the cube side in the x1 direction has length 
xLo while the other two sides have length A-1/2L,. 

In what follows we take the atom number density p,  eq 
1.1, as an independent parameter, with the variation in 
behavior of the system with p as a question of particular 
interest. Neither in the reference or deformed state do we 
regard the pressure p which corresponds to a particular 
value of p as physically significant, since the hard-sphere 
potential of the model lacks an attractive tail. Therefore, 
we focus upon the deviatoric stress,13 711, and its variation 
with A. This viewpoint is in accord with that in the modern 
theory of liquids, termed the van der Waals picture,24 in 
which the role of the strong short-ranged repulsive force 
is emphasized. To quote from ref 24, "Attractive 
forces ...p lay a minor role in the structure, and in the sim- 
plest approximation their effect can be treated in terms 
of a mean field-a spatially uniform background 
potential-which ... merely provides the cohesive energy 
that makes the system stable at a particular density and 
pressure." 

Noninteracting Chains. If we make the usual as- 
sumption that the chains are noninteracting then it is 
straightforward to obtain the T ~ ~ ( A )  relation. Let F(R) be 
the Helmholtz free energy per chain so that 

(2.1) 

is its force-length relation. Then the total free energy F 
per unit volume of the system is 

where, for uniaxial extension at  constant volume, Al = A, 
X2 = A3 = A-'l2. Application of eq 1.11 of paper 1, together 
with eq 2.1, then leads to 

If the system has lateral faces free of stress, tz2 = t33 = 0, 
then (eq 1.9 of paper 1) p = - '/3t11 and (eq 1.8 of paper 
1) 711 = '/3t11 and it is seen that eq 2.3 is equivalent to the 
familiar result for the three-chain If the chains 
are taken as ideal, then p(R) is given by the Treloar for- 
mula% for freely jointed ideal chains and f (R)  is determined 
from eq 1.2. 

Computer Simulation of the Model. Computer sim- 
ulation of the model with full atom interactions (inter- and 
intrachain and between principal and image atoms) in- 
cluded is carried out by molecular dynamics and the values 
of 711 computed by means of the virial stress formula, eq 
1.13 of paper 1. Details of the numerical procedure are 
contained in the Appendix. 

Results of these computer simulations for rll(A) for four 
different values of p are shown in Figure 3, together with 
the theoretical result, eq 2.3, based on noninteracting ideal 
chains. It is seen that p has a systematic effect on the 
nature of the T ~ ~ ( A )  dependence, and only for a single value 
of p,  p = 0.092, do the two results coincide. 
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Figure 3. Deviatoric stress 711 in three-chain model with intra- and interchain excluded volume interactions, as computed from molecular 
dynamics simulation on the basis of the virial stress formula, eq 2.4-2.6. The solid curve is a cubic spline fit through computer points; 
error bar computed as described in Appendix. Points shown by diamonds represent the noncovalent contribution, 711nC, as defined 
in eq 2.6. Shown for comparison (as dashed curve) is the result of use of the ideal chain relation in the conventional three-chain formula, 
eq 2.3: (a) p = 0.04, Lo/Na = 0.220; (b) p = 0.092, Lo/Nu = 0.167; (c) p = 0.18, Lo/Nu = 0.133; (d) p = 0.388, Lo/Nu = 0.125. 

In an attempt to gain insight into the cause of the dis- 

711 = 711' + 711nC (2.4) 

where, from the virial stress formula (eq 1.13 of paper 11, 
T~~~ = (1 /3u )  E (rau:(ra)[3 cos2 Oa - 11) (2.5) 

T~~~~ = (1 /3u )  c (r,~',,~(r,)[3 cos2 Oa - 13) (2.6) 

where Oa is the angle made by ra with the x1 axis, and we 
recall that ra represents a covalent bond for CY E c and the 
vector connecting an arbitrary pair of atoms in noncovalent 
interaction for a E nc. The numerical results (Figure 3)  
show that T~~~~ remains very small for all values of A; Le., 
the direct contribution of the noncovalent potential to the 
stress tensor, for the present hard-sphere model, is es- 
sentially hydrostatic. 

However, it is clear that the noncovalent potential makes 
an important indirect contribution by affecting T ~ ~ ~ ,  for if 
the latter were unchanged we would have agreement with 
ideal chain behavior a t  all p. We may gain additional 
insight into the way the noncovalent potential affects T~~~ 

by examining the average bond force fb. The calculation 
of this quantity is included as part of the three-chain model 
program; it is averaged separately for each of the chains 
so that its value is obtained as a function of R I N a  as well 
as of p .  The effect of excluded volume on the bond force 
has also been computed by molecular dynamics simulation 
of a single chain so that only intrachain noncovalent effects 
are present. The results of these calculations are shown 
in Figure 4, together with the theoretical variation of an 
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Figure 4. Effect of excluded volume on average bond force, f b ,  
as determined from molecular dynamic simulation of a single chain 
as described in paper 1, Section 3, and, for various values of density 
p, of a three-chain model. All computations are for N = 60 with 
the exception of that for p = 0.388 for which N = 45. The ideal 
chain result is based on theory26 and is evaluated for N = 60; the 
theoretical result for N = 45 is very close in value. 

ideal chain.26 It is seen that excluded volume has a sig- 
nificant effect upon the bond force and furthermore this 
effect is density dependent. 
3. Polymer Melt: Direct Force Calculation 

In section 1, the force-length relation for a long-chain 
molecule in a melt was computed by means of a molecular 
dynamics simulation in which all molecules are free. This 
simulation yields the probability density p(R) for the 
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Figure 5. Comparison of the axial force f on a single chain with 
fixed end-bend distance surrounded by the melt as computed 
by eq 1.2, solid curves, and as computed by direct calculation at 
RINa = 0.2 and 0.4 for melt densities p = 0.09 and 0.39. Values 
of v and Lo are as in Figure 2 for corresponding densities. 

end-to-end displacement R and the f ( R )  relation is then 
determined from eq 1.2. 

To gain further insight, in this section we consider a 
molecular dynamics simulation which leads to a direct 
calculation of the force. That is, we select one molecule 
of the melt and fix both of its end atoms with a prescribed 
end-to-end displacement R. The other molecules of the 
melt remain free to move and the time averages of the 
resultant of all forces (inter- and intramolecular) on the 
fixed end atoms are computed directly. Taking into con- 
sideration statistical fluctuations in the calculations, it  is 
seen from Figure 5 that the two methods are in reasonably 
good agreement. 

The direct method of computation clearly requires 
substantially more computer time than the indirect me- 
thod of section 1 which gave the entire f ( R )  relation from 
a single simulation; it is for this reason that the value of 
f is computed for only two values of R by the direct me- 
thod. The advantage of the direct method, however, is that 
it allows a detailed decomposition of the force acting on 
the end atoms into its covalent and noncovalent parts aiid 
a further decomposition of the latter into its intra- and its 
intermolecular portions. 

Let x, and xN be the fixed end atoms, and R = xN - xo 
= Re. The program computes separately the following 
parts of the force acting on atom N of the fixed molecule: 
(a) g,, the covalent force transmitted through the bond 
between atoms N - 1 and N (b) gintra, the noncovalent 
force exerted by atoms 1, ..., N - 1 of the fixed molecule; 
(c) ginter, the noncovalent force exerted by the other 
molecules of the melt. 

In order that it be held fixed, atom N must be subjected 
to an external force f = -(gc + gntra + gnter) and it is 
convenient to introduce the notation 

(3.1) 

where, it  is seen, f, is the time average of the axial com- 
ponent of that portion of the external force f required to 
balance the covalent force exerted on atom N ,  and similarly 

From their manner of definition, it is seen that fc  > 0 
corresponds to a required tensile force and f, < 0 to a 
required compressive force, and similarly for fhha and fintsr. 
In our previous studies on an isolated chain, we have seen 
that f, > 0 and f,, (=fhtra) < 0. Results for the chain in 
the melt are shown in Figure 6; as seen there, fintra < 0 as 

f c  = -( gc*e ) fintra = -( gint1a.e ) 
f inter  = -( ginterse ) 

for fintra and finter. 

0.4 t N=20, R/Na=0.2 

- 0 5 ' " '  " " I '  ' " ' " ' ' ' ' ' 

0 0.1 0.2 0.3 0.4 ( 

Reduced density, p 
Figure 6. Decomposition of axial force f on a chain in the melt, 
with fixed end-to-end distance R, into the sum f = f ,  + fin*, + 
finter, where f, is due to the covalent bonds of the molecule, fintr, 
is the intramolecular noncovalent contribution, and fine, is the 
intermolecular noncovalent contribution: (a) RINa = 0.2; (b) 
RINa = 0.4. 

in the isolated chain, but tinter > 0. The latter result may 
be understood as follows: if atom N were an isolated atom 
in the melt (Le., if there were no chain attached to it) then 
it is clear that (gmk) = 0 since all directions of interactions 
would be equally likely. However, the presence of the 
chain with fixed XN - x, = Re, preferentially screens atom 
N from hard-sphere interaction with atoms of the melt that 
lie in the -e direction. Therefore (gnter-e) <O and, from 

As seen in section 1, an increase in p ,  the melt density, 
causes the f ( R )  relation for a chain in the melt to increase 
toward the ideal chain relation in accord with the Flory 
theorem. The present decomposition shows that this in- 
crease is primarily due to the intermolecular noncovalent 
interaction. This is seen in Figure 6 for both RINa = 0.2 
and 0.4; for the latter value, for example, fc  decreases with 
p,  finha remains nearly constant, and it is only the increase 
in finter that is responsible for the increase in f with p .  

4. Conclusions 
Our computer simulations of freely jointed, hard-sphere 

chains have shown that the axial force f required to 
maintain a fixed end-to-end distance R approaches ideal 
behavior, i.e., that predicted in the absence of excluded 
volume, when the given chain is surrounded by a high- 
density melt of similar chains. This is in accord with the 
Flory theorem. 

At the same time, computer simulation of a network of 
such chains, corresponding to the three-chain model of 
rubber elasticity, shows that the usual assumption of 
treating the chains as ideal and noninteracting leads to 

eq 3-19 fink' > 0. 
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store the information as to which covalent bonds exist 
between atom pairs with at least one atom of the pair being 
a real atom. This is done by an array that indicates which 
atoms should be replaced by their images before the co- 
valent forces between these pairs of atoms are computed. 
The values of this array are updated periodically. With 
the help of this array the computation of the covalent 
forces is still vectorizable and runs efficiently. This array 
was also useful in the computation of average atom pos- 
itions. 

In order to compute the transmitted forces through a 
material plane in the single-chain simulation, we used a 
different method for imposing the periodic boundary 
condition. The atoms on the principal chain are always 
real atoms. However, in order to determine the nonco- 
valent portion of transmitted forces through any material 
plane, noncovalent forces have to be computed between 
all possible pairs of atoms, real and imaginary. This 
scheme is difficult to apply to a multichain system with 
periodic boundary conditions in three perpendicular di- 
rections. In this case the force decomposition is made by 
computing the covalent part of transmitted force through 
any material plane and using the virial stress formula to 
find the total transmitted force; the noncovalent part is 
then obtained by subtraction. 

The initial configurations were generated in the follow- 
ing way: A backbone structure is created by a forced 
random walk with u = 0; then u is allowed to grow during 
the first stage of simulation until it reaches the given value. 
The computation is then continued for an incubation pe- 
riod in order to release or absorb the extra energy so that 
it has the correct internal energy at the beginning of the 
accumulation of data. Care was taken in the generation 
of the initial configurations of the three-chain system to 
ensure that no entanglements were present. 

In order, in paper 1, to get uniform results for a single 
chain within reasonable computer time, we used the 
smaller value of Ka2/kT = 202. As indicated in Section 1 
of paper 1, this caused some deviation in the axial force 
f for the computed ideal chain from the theoretical results 
for the large K limit, but this deviation was significant only 
at a large extension of the chain, e.g., r / N a  > 0.7. The 
value of Ka2/kT = 2024 used in this paper provided results 
much closer to those of the large K limit but produced 
greater scatter for a given computation period. 

Another technical problem is that in multichain simu- 
lation, the noncovalent interactions between a chain and 
its image are counted as intrachain noncovalent interac- 
tions for programming convenience. However, these in- 
teractions are believed to be very small and will therefore 
not affect the interchain and intrachain decomposition of 
the noncovalent contribution. 

The computer time is strongly dependent on the number 
density. On the CRAY X-MP, a typical result for a system 
containing three 60-bond chains a t  number density p = 
0.18 requires approximately 3900 s of cpu time for 2 X lo6 
time steps. 

Error bars for 711 shown in Figure 3 of extent &u were 
computed by treating the value 7 b  = (711)b determined by 
averaging over each of the M blocks of the molecular dy- 
namics calculation as an independent determination and 
then computing u = [ ~ b ( A ~ b ) 2 ] 1 / 2 / M .  
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values of the stress which are in disagreement with those 
determined from the molecular dynamics results on the 
basis of the virial stress formula. 

This difference in behavior between the melt and the 
network may be reconciled as follows: The usual isochoric 
assumption of rubber elasticity leaves the pressure or mean 
stress to be determined by the stress boundary conditions 
and only the deviatoric stress to be determined by the 
constitutive re1ati0ns.l~ As observed in the computer 
simulation of the network, the noncovalent excluded 
volume interactions contribute only to the hydrostatic 
portion of the stress and make negligible contribution to 
the deviatoric stress. Equivalently, the deviatoric stress 
in the network is determined solely by the covalent po- 
tential. For the chain in the melt, we have seen that the 
approach to ideal behavior of the f(R) relation is achieved 
only because of the density dependence of the intermole- 
cular noncovalent contribution; the covalent contribution 
remains far from ideal. In fact, the significant excluded 
volume effect upon the covalent interactions is seen most 
clearly in the behavior of the bond forces, Figure 4. 
Therefore, in the network, where the deviatoric stress is 
determined almost solely by the covalent forces, nonideal 
behavior is observed. 

While the model studied in this paper is too idealized 
to permit us to draw direct conclusions about real mate- 
rials, these simulations do provide insights and caveats 
which should be applicable. In recent years there have 
been a number of experimental investigations directed 
toward testing the ideal chain assumption in networks. 
They have attempted, with the use of neutron scattering 
techniques, to probe the distribution of configurations of 
marked chains. The premise on which these tests rests is 
that the observation of an ideal distribution for such a 
chain would verify the procedure of computing stress on 
the assumption of a noninteracting collection of ideal 
chainsag 

The results of the present computer simulations show 
that this reasoning need not be valid. The ideal distri- 
bution may come about as a consequence of noncovalent 
interactions which do not, however, contribute significantly 
to the deviatoric stress. Furthermore, the covalent in- 
teractions which do contribute directly to this stress may 
be far from ideal as a consequence of the excluded-volume 
effect. 

Appendix: Molecular Dynamics Procedure 
The molecular dynamics procedure used is similar to 

that described previously in ref 27. A calculation of the 
time evolution of the system corresponding to given initial 
positions and velocities is performed, using the Verlet 
algorithm, for a period of time referred to as a block. A 
new set of initial velocities is then chosen, corresponding 
to a canonical ensemble at the prescribed temperature, and 
the process is repeated. A typical computation used 400 
blocks, each with 5000 time steps. A time step At = 0.1 
was used in units of (m/K)'I2. For a carbon-carbon bond 
this corresponds to At = 7.7 X 

The computer program employed nearest-neighbor ta- 
bles with the most time consuming subroutines designed 
to be vectorizable by the Cray Fortran compiler.28 The 
usual way to impose periodic boundary conditions is to 
exchange the real atoms and their images when they cross 
the boundaries of a periodic cell. The real atoms refer to 
those within the principal cell and are explicitly simulated. 
Dealing only with the real atoms makes the noncovalent 
force computation simpler and easily vectorized. The 
covalent bonds require different treatment. Since they 
cannot be broken during the simulation, the programs 
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ABSTRACT The ultimate crystalline modulus of poly(oxymethy1ene) was estimated by using the Raman 
longitudinal acoustic mode and small-angle X-ray scattering. In this paper we emphasize the sensitivity of 
the calculated modulus t o  the values chosen for the thickness of the crystalline regions. Assuming that the 
uniform elastic rod model provides an adequate description of the LAM, we found E,  = 146 GPa, in excellent 
agreement with the results of neutron-scattering experiments. We have also explored the melting behavior 
of the solution-crystallized materials used in this study. The estimated value of the fold surface free energy 
(=88 ergs/cm2) indicates a work of chain folding near 4 kcal/mol folds, a value in line with that  found for 
other polyethers. 

Introduction 
Some 40 years ago, Mizushima and Shimanouchi’ ob- 

served a band in the low-frequency Raman spectra of 
crystalline n-alkanes whose peak position varied inversely 
with the paraffin chain length. This band was assigned 
to a longitudinal accordion-like motion of the n-alkane 
chains and has been termed the longitudinal acoustic mode 
(LAM). Using an analogy with the case of a simple elastic 
rod, they found that the LAM peak frequency (v) was 
related to the paraffin chain length (1) by 

y = E( E) 112 

2cl p 

where m is the mode order, c is the speed of light, and E 
and p the elastic modulus and density of the elastic rod. 

Since this initial work, LAM’S have been observed for 
a number of semicrystalline polymers.2 In crystalline 
polymers, the accordion-like vibration is usually envisioned 
as being decoupled at  the Ynterface” between the crystal 
core and fold surface and, as a consequence, 1 in eq 1 is 
taken as the crystalline thickness and E and p should 
correspond to E, and p,, the modulus and density of the 
crystalline core. 

Since p ,  is generally known and if the simple elastic rod 
model provides an adequate description of polymeric 
LAMS, measurement of 1 and v can yield E,  directly. For 
the semicrystalline polymers studied thus far, the values 
of E, determined by the LAM-uniform elastic rod ap- 
proach agree quite well with those determined from neu- 
tron-scattering mea~urements .~~~ However, a rather large 
discrepancy often exists between these values and those 
determined from X-ray crystal strain measurements. I t  
appears that the primary assumption employed in the 
X-ray analysis (i.e., that the stress applied to the specimen 
is distributed homogeneously) is not a good approximation. 
This is the implication from the work of Brew et a1.,5 who 
examined the apparent crystal modulus of polyoxy- 
methylene (POM) by the X-ray technique. The apparent 
modulus was found to vary from 44 GPa at room tem- 
perature to 105 GPa at -165 “C. The authors regard this 
latter value as a lower limit for the true E, if a t  -165 OC 
the amorphous modulus is significantly less than E,.5 

In studies where ultimate crystalline moduli have been 
derived from LAM experiment, melt-crystallized or an- 
nealed specimens have been frequently employed. The 
microstructure of these materials is generally quite com- 
plex and this complicates, for example, the assessment of 
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